Abstract-This note presents a method for the reduction of controller fragility. The method is based on the sensitivity of closed-loop poles to perturbations in the controller parameters. By means of a state space parameterization of the controller, the closed-loop pole sensitivity can be reduced. A controller fragility measure based on the closed-loop pole sensitivity is proposed. Conditions for the optimal state-space realization of the controller are presented, along with a numerical method for obtaining the solution.
the controller fragility will depend upon the particular realization of the controller. The question then arises of what is the best controller realization so as to minimize the effect of controller parameter errors on the closed-loop system. One approach to the problem has been through the minimization of pole/eigenvalue sensitivities to controller parameter perturbations. This was first considered for the open-loop controller eigenvalues by [13] , and subsequently by [14, pp. 127-158] who solved the problem for state space controller realizations using the weighted sum of the 2-norms of the open loop eigenvalue sensitivities. The case of the closed loop system eigenvalues for state space controller realizations has been considered by [15] , [16] using the maximum of the 2-norms of the closed-loop eigenvalue sensitivities, but the optimization problem is not totally solved [17] . A similar, less conservative, approach has been proposed by [16] using the maximum of the 1-norms of the closed loop eigenvalue sensitivities, but again the optimization problem is not solved in general and requires nonlinear programming to find local solutions [18] . The approach taken in this paper is use the weighted sum of the 2-norms of the closed loop eigenvalue sensitivities; this allows the subsequent optimization problem to be completely solved using existing techniques.
The paper is organized as follows. In Section II, a measure of the controller fragility based on the weighted sum of the 2-norms of the sensitivities of the closed-loop poles/eigenvalues to perturbations in the controller parameters is proposed. Both state-space parameterizations and (to enable comparison with the results of [1] ) single-input single-output (SISO) transfer function parameterizations are considered. In Section III, the problem of minimizing the measure for controller state-space parameterizations is formulated. Conditions for the optimal state-space realization of the controller are presented, and a method of solution based on gradient flow methods [19] is developed. In Section IV, the examples presented by Keel and Bhattacharryya [1] , are studied, and the fragility shown to be dramatically reduced. Some concluding remarks are made in Section V
II. PRELIMINARIES AND PROBLEM FORMULATION

A. System Realizations and Controller Parameterizations
Consider the general feedback control system shown in Fig. 1 . Let the plant be G(), where is a generalized operator (it could be the Laplace operator, s, for continuous systems, or the z or operator for discrete systems), and let the controller be H(; X) where X is some parameterization of the controller X = fx i : i = 1; 111; n x g and n x is the total number of parameters. In this paper, both state-space and transfer-function parameterizations of the controller are considered. 
The transition matrix of the closed-loop system is
Let the realization (A 0 h ; B 0
then, any realization is given by
where T 2 n2n is nonsingular. Hence, the closed-loop matrix A(X)
is given by
where A0 = A(X0).
2) Transfer Function Parameterization:
Let the SISO plant be
where n a > n b , so G() is strictly proper. Let the SISO controller be
where np nq, so H() is proper. The closed-loop characteristic equation f () is, thus,
For transfer-function realizations, let X = fx i : i = 1; . . . ; n x g, nx = np +nq+2, be the parameters of the controller, where pi = xi+1 for i = 0; . . . ; n p , where n p is the order of the controller denominator and q i = x i+n +2 for i = 0; . . . ; n q , where n q is the order of the controller numerator. The closed-loop characteristic equation is, thus, a function of X, and is written as f (; X).
B. A Controller Fragility Measure
A measure of the fragility of the controller is proposed as 9 = N k=1 w k 9 k (10) where N is the number of closed-loop poles/eigenvalues, w k is a nonnegative real scalar weighting and
where fi: i = 1; 111; m+ng represents the set of unique closed-loop poles/eigenvalues and fx i : i = 1; 111 ; n x g are the controller parameters for either the state space or transfer function realizations. The measure is a weighted sum of a 2-norm of the sensitivity of the individual closed-loop system poles/eigenvalues to perturbations in the controller parameters, and is a computable alternative to the norm measures proposed in [15] , [16] . A similar measure for the open-loop eigenvalue sensitivities was proposed in [14, p. 139 ].
1) State Space Parameterization:
The following lemma and theorem are required. Lemma 1 is from [15] , [16] . Theorem 1 is a wellknown result, a proof can be found in [14, p. 136] . 
Then,
where "T " denotes the transpose operation. 
where "H" denotes the transpose and conjugate operation.
For a state-space parameterization of the controller X, then, 9 k is
where k 1 kF denotes the Frobenius norm. Since the kth closed-loop eigenvalue k is a function of A(X) = M 0 + M 1 XM 2 defined by (2), the sensitivity of the k with respect to the controller realization matrix X is, from Lemma 1
Thus, from Theorem 1
where R k and L k are the right and left eigenvectors respectively for the kth eigenvalue of A. (2)) T be the right and left eigenvectors respectively for the kth eigenvalue of A par-
n , i.e., the partitions correspond to the partitions of X defined by (1) . From (17) and (1), it can be shown [15] that
Thus, from (15) (20) which can be rearranged to 
and, so, R 0 k (1) and L 0 k (1) are invariant under the realization transformation. Substituting (22)- (25) into (21) gives
and P = T T T . So, from (10)
where 
2) Transfer Function Parameterization: Let k be a distinct eigenvalue of the closed-loop system, which is also a root of the character-
where N is the number of closed-loop poles and X is the parameterization of the controller as in Section II-B. Recall from Section II-B that
where nx = np + nq + 2 and note that the sensitivity of the kth eigenvalue to a parameter x i is given by @ k @x i = @f=@x i @f=@ = :
So, from (35) and (9)
for i = 1; . . . ; n p + 1, and
for i = n p + 2; . . . ; n p + n q + 2, where
So,
III. FRAGILITY MINIMIZATION FOR CONTROLLER STATE-SPACE PARAMETERIZATIONS
A. Minimization Problem
The problem of minimizing the closed-loop eigenvalue sensitivity 9(P) given by (29) can be stated as min P =P >02 9(P):
B. Optimal Solution
From the following theorem [14] , a solution to (42) exists. The proof of the theorem is in [14, pp. 104-105] .
Theorem 2: Let R(P ) 1 = f(P ) + trfPMg + trfP 01 W g
where P; M; W > 0, P; M; W 2 n2n , and f(P ) is a scalar positive differentiable function of P . Then, the minimum of R(P ) exists and can be achieved for nonsingular P . 
and this solution is unique.
The solution to @9(P )=@P = 0, and, hence, P opt can be obtained by means of the gradient flow technique of Perkins, Helmke, and Moore [19] . For this technique, a matrix differential equation
where 9(P()) is a positive scalar, will, starting from a positive definite initial condition P 0 , converge to the solution P (1) = P opt where _ P (t) = 0, and where @9(P )=@P is given by (44).
From the optimal P opt , a corresponding optimal transformation matrix T where P opt = T T T can be constructed as T = P 1=2 opt V for any orthogonal matrix V [20] .
As discussed in [20] , the choice of an appropriate initial condition for solving (45) will improve the convergence of (45).
Following [20] , an initial condition P 0 is chosen which minimizes trfPWLg + trfP 01 WRg. A necessary condition for this is that P W L P = W R . Thus, an initial condition for solving (45) is chosen as a solution to P 0 W L P 0 = W R :
(46)
IV. EXAMPLES
The methodology is illustrated on some of the examples of fragile controllers from [1] . For each example, a weighting vector w required by (10) is defined. The optimal solution is presented and the optimal sensitivity compared with the pole sensitivity of the transfer function parameterization from [1] calculated using (41). Note that, in this paper, positive feedback is assumed. The eigenvalues of the closed-loop system matrix are 1; 2 = 00:46661506790457 6 14:22988589425562i 3; 4 = 05:53338493209549 6 11:32900815891883i 5; 6 = 00:99949043421189 6 0:00050924313333i 7; 8 = 01:00050956578799 6 0:00050988889724i:
Example 1 (H1-Based Optimum Gain Margin Controller):
Note that these values differ from those of [1] . This is due to the very large sensitivity of the eigenvalues. 
The eigenvalues of the closed-loop system matrix are 1 = 0100 2 = 00:1 3; 4 = 01:00001864972139 6 0:00003230179160i 5 = 00:99996270055733:
Again, these values differ slightly from those of [1] . The weighting vector was set to w = (1 2 10 06 ; 1; 0:1; 0; 0:1). With the controller in the transfer function form, the sensitivity is 9 = 2:6771210 27 . The very-large value is because three of the closed-loop poles are very close to each other. The optimal value was found to be 9 opt = 2:8782 2 10 15 . The weighting vector was set to w i = 1=(1 0 j i j), thus, the eigenvalues closest to the unit circle are weighted most heavily. With the controller in transfer function form, the sensitivity is 9 = 7:10822 10 10 .
The optimal value was found to be 9 opt = 3:8085 2 10 7 . With the controller in the transfer function form, the sensitivity is 9 = 6:7663 2 10 41 . Again, the very large value is because all of the closed-loop poles are very close to at least one other pole.
Example 6 (H2 Optimal
A sensitivity value for a P0 which satisfies (46) was found to be 9opt > c, and since 9(P0) is relatively very close to c, the initial solution, P 0 , is near-optimal and is, hence, a suitable solution.
V. COMMENTS AND CONCLUSION
In this note, a method for reducing the fragility of controllers by a state space parameterization of the controller is presented. The method is based on a weighted norm of the closed-loop pole/eigenvalue sensitivities to controller parameter perturbations. Conditions for the optimal state-space realization of the controller are given and a numerical method for obtaining the solution is presented. The method is demonstrated on some of the examples of [1] . These examples show that the fragility of a controller depends on the realization of the controller.
The sensitivity of the closed-loop poles/eigenvalues is infinite if the closed-loop poles/eigenvalues are not unique. Examples 1, 3 and 6 have closed-loop eigenvalues that are very close to each other; the resulting high sensitivity of the closed-loop poles/eigenvalues means that the calculation of the values of the closed-loop poles/eigenvalues is poorly conditioned and not very accurate. Since the calculation of the sensitivity is dependent on the values of the closed loop poles/eigenvalues, the actual calculated values of the sensitivity may not be very reliable for Examples 1, 3 and 6. However, the calculated sensitivities are enormously reduced by the proposed method. As discussed in [2] , the examples of [1] are not realistic control designs, and are in a sense contrived, and in most real controller designs it is unlikely that the closed-loop eigenvalues would be assigned so close to each other. Hence, the proposed method is suitable for real applications where there is a fragility problem. As pointed out in [2] , the examples also illustrate the importance of posing the design problem correctly to consider the controller uncertainty. In [23] , a method for this has been presented.
In this note, only state-space controller parameterization solutions were considered. The pole/zero parameterization was briefly discussed by [2] . Other possible parameterizations include lattice filters [7, pp. 307-310] and the descriptor state-space structure [24] .
The method presented in this note considers only the closed-loop stability. To consider the performance, the sensitivity of the closed-loop eigenvectors needs to be included in the fragility measure.
A number of other methodologies could also be considered for the fragility problem. A small-gain technique has been proposed by [25] , however, that approach is fairly conservative. Clearly, the parameters of an implemented controller are real, and the uncertainty on these parameters will be real and time invariant. Techniques based on the real stability radius [26] would take this into account, work has been done by [9] . The parametric approach to uncertainty, for example [27] and [28] , is clearly another alternative approach.
In addition, as pointed out in [2] , there has been a lot of work done on controller order reduction, this is another area closely related to the fragility problem. Guaranteed bounds on the system performance subject to controller uncertainty resulting from the order reduction have been obtained by, for example, [29] .
